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1. Introduction
Our first main result here is the following theorem, which answers affirmatively a 1962
question posed by M. Auslander [1, last paragraph].
Theorem A. Let A be a commutative Noetherian ring and M a finitely generated A-
module. Suppose that
(i) pr.dimAM < ∞,
(ii) EndA(M) is a projective A-module,
(iii) M is a reflexive A-module.
Then M is a projective A-module.
This result generalizes an old theorem of M. Auslander and O. Goldman [2,
Theorem 4.4], where A is assumed, in addition, to be regular. This last result is, in
turn, a generalization of Auslander–Buchsbaum’s U.F.D. theorem, which establishes the
factoriality of regular local commutative rings.
We are aware of only two results which generalize Auslander–Goldman’s result.
Firstly, W. Vasconcelos [23, Theorem 3.1] proved that if A is a one-dimensional Gorenstein
ring, then the projectivity of M is implied by the projectivity of EndA(M). However,
nothing of this nature can be obtained for higher-dimensional Gorenstein rings. Recently
C. Huneke and R. Wiegand [12, Corollary 2.7] proved, for an equicharacteristic local
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A. Braun / Journal of Algebra 276 (2004) 674–684 675hypersurface, that (i), (iii) together with Serre’s S3 condition on EndA(M), imply the
projectivity of M . Neither of these results seems to be related to Theorem A.
Our next result is also a generalization of [2, Theorem 4.4].
Theorem B. Let A be a commutative Noetherian ring and M a finitely generated A-
module. Suppose that
(i) pr.dimAM < ∞,
(ii) EndA(M) is a projective A-module,
(iii) Ext1A(M,M) = 0.
Then M is a protective A-module.
Our next theorem is a version of Theorem B for modules with finite injective dimension.
It generalizes a result of H.B. Foxby [9].
Theorem C. Let A be a commutative Noetherian ring and M a finitely generated A-
module. Suppose that
(i) inj.dimAM < ∞,
(ii) EndA(M) is a projective A-module,
(iii) Ext1A(M,M) = 0.
Then M is a (locally) Gorenstein A-module.
The key idea in our proof of Theorem A is the usage of some non-commutative algebra.
This is done in the following result, which is our main technical device.
We shall denote by Mr(H), the r × r matrix ring over H .
Theorem D. Let (A,m) be a local commutative Noetherian ring and M a finitely generated
A-module. Suppose that
(i) pr.dimM < ∞,
(ii) R ≡ EndA(M) ∼= A(s), for some s.
Then R/mR ∼= Mr(A/m), where r ≡ rankAM .
Our next two applications require no finite projective or injective dimension assumption
on M . The first one is an extension of a theorem of Auslander–Goldman [3, Theorem 7.2]
to the non-regular case.
Theorem E. Let A be a local equicharacteristic henselian normal domain. Let e be the
multiplicity of A, and K the field of fractions of A. Then
ker
{
Br(A) ν→ Br(K)} is e-torsion,
676 A. Braun / Journal of Algebra 276 (2004) 674–684where ν is the natural map between the Brauer groups of A and K .
The next result is a module version of a theorem of C. Huneke [10].
Theorem F. Let A be a complete normal local domain containing a field and M a finitely
generated A-module. Let e be the multiplicity of A. Suppose
(i) EndA(M) ∼= A(s), for some s,
(ii) M satisfies Serre’s Sn condition, with n > e2.
Then M is a maximal Cohen–Macaulay A-module.
Remark. The bound in (ii) can be considerably improved and in particular if (rankM,e) =
1, then n > e suffices.
2. Proofs
Lemma 1. Let A be a local commutative Noetherian ring and M a finitely generated A-
module. Suppose that pr.dimAM < ∞ and EndA(M) ∼= A(s), for some s. Then AnnAM =
0, and Mq is a free Aq -module of rank √s for every prime ideal q with depthAq  1.
Proof. Clearly AnnAM ⊆ Ann EndA(M) = 0. Let q be a prime ideal in A. If depthAq = 0.
then, by Auslander–Buchsbaum’s formula (e.g., [6, Theorem 3.3]), Mq is a free Aq -modu-
le. Suppose that depthAq = 1. Now by [2, Lemma 4.5] Ass(A(s)q ) = Ass(EndAq (Mq))
= Ass(Mq) and therefore if δ ∈ qq is a non zero-divisor in Aq then δ is a non zero-
divisor on Mq , that is depthMq  1. Consequently pr.dimMq = 0. Finally, in both cases
A
(s)
q
∼= EndAq (Mq) ∼= Mr(Aq) where r ≡ rankAq Mq and therefore r2 = s. 
Corollary 2. Let A be a local commutative Noetherian ring and M a finitely generated
A-module such that pr.dimAM < ∞ and EndAM ∼= As). Then rankAM =
√
s.
Proof. Say grade(q) = 0. It is easy to show, using annAM = 0, that q ∈ Ass(M). Then
0 = grade(qq) = depthAq by [14, Proposition 3.1]. Now use [6, Proposition 1.4.3(c)] and
Lemma 1, where rankAM is defined as in [6, Definition 1.4.2]. 
Lemma 3. Let A be a local commutative Noetherian ring and M a finitely generated A-
module satisfying pr.dimAM < ∞ and EndA(M) ∼= A(s) for some s. Then R ≡ EndA(M)
is an Azumaya algebra of constant rank s over its center A.
Proof. Let p be a height one prime in A. Then by Lemma 1, EndAp(Mp) ∼= Mr(Ap), and
the result follows by [17, Proposition 6.30]. 
We shall denote by Jac(H), the Jacobson radical of H .
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dimensional central simple L-algebra (where D is a central division L-algebra). Suppose
that for every maximal ideal X in R, R/X contains an isomorphic copy of Md(D). Then
R contains an isomorphic copy of Md(D).
Proof. Let X1, . . . ,Xn, be the complete set of maximal ideals in R. Let Ai ⊂ R/Xi , with
Ai ∼= Md(D), for i = 1, . . . , n. Consequently
A1 ⊕ · · · ⊕An ⊆ R/X1 ⊕ · · · ⊕R/Xn ∼= R/Jac(R).
Let T ⊂ A1 ⊕ · · · ⊕ An with T ∼= Md(D), be chosen via the diagonal embedding. Let
S = {x ∈ R | x + Jac(R) ∈ T }. Clearly Jac(S) = Jac(R) and S/Jac(S) ∼= T . Consequently,
by Wedderburn’s principal theorem (e.g., [20, Theorem 5.3.20]), there exists a central
simple L-algebra S0, S0 ⊂ S, S0 ∼= S/Jac(S) ∼= T ∼= Md(D) as claimed. 
Definition 5. Let (A,m) be a local commutative Noetherian ring and R an A-algebra which
is also a finitely generated A-module. Let Md(D) be a central simple finite dimensional
A/m-algebra (with D a division ring). We say that R satisfies the (∗) condition provided
R/X contains an isomorphic copy of Md(D), for every maximal ideal X in R.
Lemma 6. Let (A,m) be a local commutative Noetherian ring and
0 →K → F → G → 0,
be an exact sequence with F a finitely generated free A-module and K ⊆ mF . Then
EndA(K) satisfies the (∗) condition, provided EndA(G) satisfies the (∗) condition.
Proof. Let T ≡ {f ∈ EndA(F ) | f (K) ⊆ K}, V ≡ HomA(F,K) and W ≡ {f ∈
EndA(F ) | f (K) = 0}. It is standard (e.g., [18, Theorem 3.2], or [16, Lemma 8.2.8])
that V,W are two-sided ideals in T and that T/V ∼= EndA(G) (as rings), as well
as T/W ⊆ EndA(K) (as rings). By assumption V ≡ HomA(F,K) ⊆ HomA(F,mF) =
mHomA(F,F ) = Jac(EndA(F )). Consequently V ⊆ T ∩ Jac(EndA(F )) ⊆ Jac(T ). There-
fore T inherits the (∗) condition from EndA(G). Consequently T ≡ T/W , as well as
all its homomorphic images, satisfies the (∗) condition. Let Y be a maximal ideal in
EndA(K). Then Y ⊇ mEndA(K) and hence Y ∩ T ⊇ mT . Therefore T /Y ∩ T is a finite-
dimensional A/m-algebra satisfying the (∗) condition, and by Lemma 4, T /Y ∩T contains
an isomorphic copy of Md(D). Finally since T /Y ∩ T ⊆ EndA(K)/Y the same holds for
EndA(K)/Y . 
Lemma 7. Let Md(D) be a finite dimensional central simple L-algebra and Md(D) ⊆
Mf (L), for some field L and a division algebra D. Let dimLD = a2. Then sda2 = f , for
some s.
Proof. By a standard result (e.g., [20, Proposition 7.1.1] we have that Md(D) ⊗L H ∼=
Mf (L), where H is the centralizer of Md(D) in Mf (L). Moreover the central simplicity
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Brauer group language, this amounts to [D] · [H ] = 1Br(L) (where [T ] denotes the Brauer
class of T ). However, it is classical that [D]−1 = [D0], where D0 denotes the opposite
division algebra of D. Therefore [H ] = [D0] and, by the uniqueness part in Wedderburn’s
structure theorem, H ∼= Ms(D0) for some s. Consequently by counting L-dimensions in
Md(D) ⊗L Ms(D0) ∼= Mf (L), we get d2a2s2a2 = f 2 or sda2 = f . 
We are now able to prove Theorem D of the Introduction.
Theorem 8. Let (A,m) be a local commutative Noetherian ring and M a finitely generated
A-module. Suppose that
(i) pr.dimAM < ∞,
(ii) EndA(M) ∼= A(s), for some s.
Then EndA(M)/mEndA(M) ∼= Mr(A/m), where r ≡ rankAM .
Proof. By Corollary 2 and Lemma 3, rankAM = √s and R ≡ EndA(M) is an Azumaya
algebra of rank r2 over its center A. Consequently R/mR is a central simple L-algebra,
where L ≡ A/m and dimL R/mR = r2. Therefore, by Wedderburn’s structure theorem,
R/mR ∼= Md(D), where D is a central simple L-division algebra and dimLD = a2.
Consequently r2 = d2a2 and r = da.
We shall prove the theorem by showing that a = 1. Let
0 → Fk → Fk−1 → ·· · · · · → F1 → F0 → M → 0,
be a minimal free resolution of M . Let Ki be the ith syzygy of M . So we have that,
0 → Ki → Fi−1 → Ki−1 → 0, is exact with Ki ⊆ mFi−1 for each i = 1, . . . , k, where
K0 = M and Kk = Fk . Now since R/mR ∼= Md(D), a repeated use of Lemma 6, implies
that EndA(Ki) satisfies the (∗) condition for each i . Observe that Ki+1 ⊆ mFi implies that
fi ≡ rankA Fi = dimA/mKi/mKi .
Now consider the natural ring homomorphism
ν : EndA(Ki) → EndA/m(Ki/mKi) ∼= Mfi (L).
Clearly mEndA(Ki) ⊆ kerν and therefore End(Ki)/kerν ⊆ Mfi (L) are both finite-
dimensional L-algebras. Moreover, since EndA(Ki) satisfies the (∗) condition, End(Ki)/
kerν contains, by Lemma 4, an isomorphic copy of Md(D). That is Md(D) ⊆ Mfi (L).
Therefore, by Lemma 7, da2 divides fi , for each i = 0,1, . . . , k. Finally, by [6, Corolla-
ry 1.4.6], rankAM = ∑ki=0(−1)i rankA Fi and therefore da2 divides rankAM ≡ r = da.
So clearly a = 1, d = r and the required result follows. 
Our next task is to deduce Theorem A out of Theorem D. The key point here is to shift
to the completion Aˆ, reduce the problem to the case where M is an ideal in Aˆ and then use
results of MacRae [14,15] and of Buchsbaum–Eisenbud [5] to settle this case.
Most of the next lemma is well known.
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rankA I = 1, EndA(I) ∼= A and pr.dimA I < ∞. Then I can be identified with an ideal
in A, I contains a non zero-divisor and I∗ ≡ HomA(I,A) = I−1 ≡ {y ∈ K(A) | yI ⊆ A}
as well as I∗∗ = {x ∈ A | xI−1 ⊆ A}.
Proof. Let K(A) denote the total quotient ring of A. That is, if λ ≡ {non zero-divisors
in A}, then K(A) = Aλ. By the rankA I = 1 assumption we have Iλ ∼= Aλ and this
enables us to identify I with an ideal in A. Now if I ∩ λ = φ then I consists of zero-
divisors in A and, by [13, Theorem 82], Is = 0 for some non-zero element s ∈ A. This
contradicts AnnAI = 0, as shown in Lemma 1. Next I∗ ≡ HomA(I,A) implies that
I∗ ⊆ I∗λ = HomAλ(Iλ,Aλ) = HomAλ(Aλ,Aλ) = Aλ = K(A), showing that I∗ = I−1. The
equality I∗∗ = {x ∈ A | xI−1 ⊆ A} is now easily obtained. 
Our next lemma is standard, we present a proof for lack of a suitable reference.
Lemma 10. Let A be a commutative Noetherian ring and I an ideal in A satisfying
EndA(I) = A, pr.dimA I < ∞ and I∗∗ = I . Then grade(p) = grade(I) = 1, for every
prime ideal p ∈ Ass(A/I).
Proof. By Lemma 9, I∗ = I−1. Let t ∈ I∗ be an arbitrary element. So t = y/x , with x
a non zero-divisor in A and y ∈ A. Now p ∈ Ass(A/I) implies that pu ⊆ I for some
u ∈ A− I .
Therefore tpu ⊆ A, that is puy ⊆ xA. Let w ∈ I be, by Lemma 9, a non zero-
divisor. If, for some t , we have uyw /∈ xwA then xwA ⊆ I , xw is a non zero-divisor and
p(uyw) ⊆ xwA, imply that grade(p) = 1. Now suppose, to the contrary, that uyw ∈ xwA
for each t , then uy ∈ xA and so ut ∈ A for each t ∈ I−1 = I∗. Therefore u ∈ l∗∗ = I ,
which is a contradiction. 
Remark. Actually Lemma 9 is valid if we merely assume that rankA I = 1 and I ∩ λ = φ.
A similar result holds for Lemma 10.
Corollary 11. Let A be a local Noetherian commutative ring and I an ideal in A satisfying
EndA(I) = A, pr.dimA I < ∞, and I∗∗ = I then I is a free A-module.
Proof. Let λ ≡ {non zero-divisors in A}. By [14, Proposition 4.1], there exists a ∈ I
and b ∈ Rad(II−1) such that I = aA : bnA for some n. Now by using I ∩ λ = φ, one
may also choose b ∈ λ. Moreover if S ≡ {1, b, . . . , bi, . . .}, then IS = aAS is free in AS .
Consequently A ⊂ AS and since IS = aAS is free in AS then aA is A-free. Moreover,
I = aA : bnA implies that I = (a/bn)A ∩ A, equivalently bnI = bnA ∩ aA. Therefore
pr.dimA(bnA ∩ aA) < ∞ and by [5, Theorem 2], pr.dimA(bnA+ aA) 1 which implies
that pr.dimA I = pr.dimA bnA∩ aA= 0. The result now follows since A is local. 
We shall now prove Theorem A.
Theorem 12. Let A be a commutative Noetherian ring and M a finitely generated A-
module. Suppose that
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(ii) EndA(M) is a projective A-module,
(iii) M∗∗ = M .
Then M is a projective A-module.
Proof. We may assume that A is, in addition, local with maximal ideal m. Hence
EndA(M) ∼= A(s), for some s. Let Aˆ be the m-adic completion of A and M̂ ≡ M ⊗A Aˆ. It
is standard that (i)–(iii) holds for M̂ considered as Aˆ-module. Now since R̂ ≡ End
Aˆ
(M̂) =
EndA(M) ⊗A Aˆ we get, by Theorem 8, that R̂/m̂R̂ ∼= Mr(Aˆ/m̂), where m̂ is the unique
maximal ideal in Aˆ. Now since R̂ is an Azumaya algebra over a complete local ring, [17,
Theorem 5.7 and 5.8(a)] implies that R̂ ∼= Mr(Aˆ). Let e1, . . . , er be an orthogonal set of
idempotents in R̂ satisfying
∑f
i=1 ei = 1R̂ . Let Ii ≡ ei(M̂). Clearly Ii is a non zero Aˆ-
module for each i . Also eiej = δij ei for each i and j imply that II ⊕ · · · ⊕ Ir = M̂ . Now
clearly the validity of (i)–(iii) for M̂ implies the same for each Ii , i = 1, . . . , r . So since, by
Corollary 2, rank
Aˆ
M̂ = r , we have rankA Ii = 1, and by Corollary 11, Ii is free for each i .
Therefore, M̂ is a free Aˆ-module and the same holds, by descent, for the A-module M . 
For the proof of Theorem B, we need the following result.
Lemma 13. Let (A,m) be a local commutative Noetherian ring and M a f.g. A-
module satisfying pr.dimAM < ∞ and EndA(M) ∼= A(s), for some s. Then M and
HomA(M,M∗∗) are both A-torsion free.
Proof. By [2, Lemma 4.5] we have that A(s) = EndA(M) is A-torsion free iff M is A-
torsion free. Now HomA(M,M∗∗) is torsion free by (the proof of) [2, Proposition 4.7]. 
We shall prove now Theorem B.
Theorem 14. Let A be a commutative Noetherian ring and M a finitely generated A-
module satisfying:
(i) pr.dimAM < ∞,
(ii) EndAM is a projective A-module,
(iii) Ext1A(M,M) = 0.
Then M is a projective A-module.
Proof. By localizing we may assume that A is local with a maximal ideal m. The proof
is now carried by induction on K.dimA. The low dimensional cases are covered by
Lemma 1. Also, we may assume by Lemma 1, that depthA > 1. The goal now is to show
that M = M∗∗. We know by induction that Mq is a free Aq -module for each prime ideal
q = m. Consider now the exact sequence
0 →M Ψ→ M∗∗ →B → 0.
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Proposition 4.6]) in order to get B = 0, it suffices to show that HomA(M,B) = 0. Clearly
the following induced sequence is exact.
0 → HomA(M,M) Ψ1→ HomA(M,M∗∗) → HomA(M,B) → Ext1A(M,M)= 0.
Now clearly depthA(HomA(M,B)) = 0 and by Lemma 13 we have
depthA
(
Hom(M,M∗∗)
)
 1.
Consequently by the “depth lemma” (e.g., [8, Lemma 1.1]) we get
depthA
(
HomA(M,M)
)= 1.
This combined with (ii) contradicts the assumption depthA> 1. 
We now use results of Sharp [21] and Roberts (Bass’ conjecture) [19], to establish
Theorem C.
Theorem 15. Let A be a commutative Noetherian ring and M a finitely generated A-
module. Suppose that
(i) inj.dimAM < ∞,
(ii) EndA(M) is a projective A-module,
(iii) Ext′A(M,M) = 0.
Then M is (locally) a Gorenstein module.
Proof. We clearly may assume that A is local with maximal ideal m. Let Aˆ = the
m-adic completion of A. Then (i)–(iii) are valid for M̂ ≡ M ⊗A Aˆ, as a Aˆ-module.
By (i) and [19], Aˆ is a Cohen–Macaulay ring. Consequently, Aˆ has a dualizing module
w [6, Corollary 3.3.8]. Now by [21] the functors X → Hom
Aˆ
(w,X), Y → Y ⊗
Aˆ
w,
establish an equivalence between the category I∞(Aˆ), consisting of f.g. Aˆ-modules
with finite inj. dimension, and the category P∞(Aˆ), consisting of f.g. Aˆ-modules with
finite proj. dimension. Let N ≡ Hom
Aˆ
(w, M̂). Then clearly (i) and (ii) are translated
by the above equivalence into: pr.dim
Aˆ
N < ∞, and End
Aˆ
(N) ∼= EndAˆ(M̂) ∼= Aˆ(s). Now
Ext1
Aˆ
(N,N) = 0 follows from [4, Proposition 1.2] and (iii). We now apply Theorem 14 to
conclude that N ∼= Aˆ(t), for some t . Consequently by applying ⊗Aˆw, we get that M̂ ∼= w(t).
Hence depthAM = depthAˆ M̂ = depthAˆ w depth Aˆ = dim Aˆ = dimA, showing that M is a
maximal C.M. module. This implies, by [22], that M is a Gorenstein module. 
Consequently Theorem B and Theorem C suggest the following seemingly interesting
question.
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∞. Is I isomorphic to a canonical module?
The only positive evidence we have is when A is also Gorenstein. In this case we have,
by [13, Theorem 216], that pr.dimA I < ∞ and by Theorem A (actually by MacRae’s
result [14]). I is free, that is I ∼= A = wA. Observe that a positive result will replace (iii)
by reflexivity, in Theorem C, for higher rank modules.
Proposition 17. Let (A,m) be an equicharacteristic local domain with multiplicity e. Let
M be a finitely generated A-module where R ≡ EndA(M) is an Azumaya algebra with
center A. Let D be a central simple division A/m-algebra such that R/mR ∼= Md(D) and
dimA/mD = a2. Then a divides e.
Proof. Let lim←i A/mi = Aˆ, M̂ = M ⊗A Aˆ and λ = A{0}. Consequently by Co-
hen’s structure theorem there is a subfield F and regular complete local subring
(C,n) such that A is a finite C-module, F ∼= C/n ∼= A/m and rankC Aˆ = e. We
shall firstly show that EndC(M̂)/X contains a copy of Md(D) for each maximal
ideal X in EndC(M̂). Now EndC(M̂)/X ⊇ EndAˆ(M̂)/X ∩ EndAˆ(M̂) are both finite-
dimensional F -algebras. Moreover EndA(M) is local, Jac(EndAˆ(M̂)) = mEndAˆ(M̂) and
Z((End
Aˆ
(M̂)/Jac(End
Aˆ
(M̂))) = F . Consequently by Wedderburn’s principal theorem
there exists a central simple F -subalgebra S, S ∼= Md(D) such that EndAˆ(M̂)/X ∩
End
Aˆ
(M̂) ∼= S ⊕ Jac(EndAˆ(M̂)/X∩EndAˆ(M̂)), as claimed. Now, as in the proof of Theo-
rem 8 (using Propositions 6 and 7 and pr.dimC M̂ < ∞) we get that da2 divides rankC M̂ .
Equivalently since M̂ ⊗C K(C) ∼= Mλ ⊗Aλ (Aˆ⊗C K(C)), where K(C) is the fraction field
of C, da2 divides (rankAM)(rankC A) = (da)e. Consequently a divides e and the result
follows. 
The next theorem is a natural generalization of a result of Auslander–Goldman [3], for
regular local rings, since it is well known (e.g., [6, Example 4.6.3]) that e = 1 for such
rings.
Theorem 18. Let (A,m) be an henselian equicharacteristic, normal local domain with
multiplicity e, and K its field of fractions. Then
ker
{
Br(A) ν→ Br(K)} is e-torsion,
where ν is the natural map between the Brauer groups.
Remark. While Br(A) is usually an unbounded torsion group, the order of each element
in kerν is bounded by e, and kerν is therefore a relatively small group.
Proof. Let R ∈ ker{Br(A) ν→ Br(K)}. By standard results (e.g., [17, p. 68]) R ∼=
EndA(M) where M is a finitely generated A-module. Now since A is henselian there
is a natural isomorphism Br(A) ∼= Br(A/m). Consequently, since R/mR ∼= Md(D) and
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divides e. Therefore, the order of [R] in Br(A) divides e and the result follows. 
Remark. (1) Another way to phrase the previous theorem is that ker{Br(A/m) → Br(K)}
is e-torsion, where A is an henselian local normal equicharacteristic domain.
(2) For other results on kerν, one should consult [7] and the references therein.
Example 19. The following variation of a known example shows that the bound e in
Theorem 18 is the best possible. Indeed let H be the 4-dimensional quaternion algebra
over R. Let A = R[[x, y]]/(x2 + y2). It is well known that A is a local normal complete
domain. Moreover by [11, Example 7.2] we have that e = 2. Now it is standard that
R ≡ H ⊗R A is a rank 4 Azumaya algebra with center A. Also Br(A) ∼= Br(R) ∼= Z/2Z
and [H] = 1Br(R) shows that [R] = 1Br(A) and consequently [R] generates Br(A). Let
K be the field of fractions of A. Then (x/y)2 + 1 = 0, which holds in K , implies that
R ⊗A K ∼= M2(K). Hence kerν = Br(A) is a 2-torsion group.
Our final result is a module version of a theorem of C. Huneke [10].
Theorem 20. Let (A,m) be a complete normal equicharacteristic local domain with
multiplicity e. Let M be a finitely generated A-module satisfying:
(i) EndA(M) = A(s), for some s,
(ii) M satisfies Sn, where n > [gcd(e, rankM)]e.
Then M is a maximal Cohen–Macaulay A-module.
Proof. By (i), [17, Proposition 6.30] and the normality of A, we get that R ≡ EndA(M)
is an Azumaya algebra with center A. By Cohen structure theorem there exists a
subfield F ⊆ A and a local complete regular subring C ∼= F [[x1, . . . , xr ]] ⊆ A such
that F ∼= A/m and rankC A = e. Consequently R/mR ∼= Md(D) where D is a F -
central division algebra, a2 = [D :F ] and by Proposition 17 a divides e. Consequently,
as in the proof of Theorem 12, M = N1 ⊕ · · · ⊕ Nd , where Ni ∼= N are all A-
modules. In particular da = rankAM = d(rankAN), or a = rankAN . This implies that
rankC N = (rankAN)(rankC A) = ae, and clearly ae = [gcd(e, a)]e  [gcd(e, da)]e =
[gcd(e, rankAM)]e < n.
Finally by [11, Lemma 26.15] and M ∼= N ⊕· · ·⊕N , we have that CN satisfies Sn with
n > rankC N . So by the syzygy theorem [8], CN is a free C-module. Therefore depthAN =
dimC = dimA, and N is a maximal Cohen–Macaulay A-module as claimed. 
Corollary 21. Let A be an equicharacteristic complete local normal domain with
multiplicity e. Let M be a finite A-module satisfying:
(i) EndA(M) ∼= A(s), for some s,
(ii) AM satisfies Sn with n > e,
(iii) (rankAM,e) = 1.Then M is a maximal Cohen–Macaulay A-module.
684 A. Braun / Journal of Algebra 276 (2004) 674–684Remark. Huneke’s result [10] is obtained if we take M = A. His bound: n e, is better,
since he can also use the validity of the direct summand conjecture for A. Also the
normality in his case is not needed since EndA(A) ∼= A is a God given Azumaya algebra,
and this is the only place where normality was actually used.
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